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Galerkin methods in circular and spherical regions

by

M. Bakker

ABSTRACT

In this paper, it is shown how the convergence results for two-point
(initial) boundary value problems, such as super convergence at the knots
and invariance of convergence order when a proper quadrature rule is used,

can be extended to more dimensions provided that circular symmetry exists.

KEY WORDS & PHRASES: Finite element method, Galerkin method, spherical

symmetry, two-point boundary value problems







. INTRODUCTION

In this paper, we want to solve numerically the N-dimensional

youndary value problem

N .2
- Au+ q(x)u=- ) é—‘21+ q(x)u = f(x), xeI = [P,1];
i=1 93x.
1
N 1
1.1) x=1[] x217;
. 1
1=1
u=460, x=1.

yince u and f only depend on x, the problem easily reduces to the two-point
youndary value problem
-N+1 d , N-1 du

- x = & EE) + q(x)u = £(x), B < x < 1;

2.1)

du _
E;’(ﬂ) = u(l) = 0.

lote that the left boundary condition stems from the circular symmetry

f u. In the sequel, we replace N-1 by C, where C is a non-negative integer.
In §2, we will show how problem (1.2) can be solved by the Galerkin

lethod and how accurately this can be done. In §3 we develop (and advocate)

jome practical algorithms for C = 1 and C = 2. In §4, we show how parabolic

:quations can be semi-discretized to an explicit system of boundary diffe-

‘ential equations. Finally, in §5 we give two simple numerical examples.

'. GALERKIN'S METHOD

Let @ ¢ V = {VIV € C¢(I); v(l) = §}. If we multiply both sides of

:quation (1.2) by XC ©(x), we obtain after partial integration

1 1

2.1) J XC(%%’%% + q(x)u®)dx = J xc f(x) pdx.

0 0




In a way, fo
(see STRANG
(C=0). We
approximated

Let

(2.2)

be a partiti
(2.3)

We assume th
possible poi
natural numb
nomials of d

M;(A) by
(2.4)

It is easily

the finite e
(2.5)

where the in
(2.6)

After this d
for spherica

convergence

(2.1) is a generalization of the weak Galerkin form
[6]) for Cartesian two-point boundary value problems

fine a suitable finite element space in which u can be

= x1 < x1 < ... < XN =1

I, not necessarily uniform; let

xj_l,xj];

ax A..

knots xj are chosen such that they coincide with any
ere f(x) or q(x) are less smooth. Let k be some constant
define for any segment E c I Pk(E) as the set of poly-

less than or equal k restricted to E. Next, we define

¢

= {loloec™(D; ©(1) = B3 weP (T,), §=1,....8}

ied that M;(A) is a kN-dimensional subspace of V. Now
solution U € M;(A) of (1.2) is the solution of

D) + @0 = (£,0), 0 M),

oduct (o,B) is defined by

1
= f xC a(x) B(x)dx, oy B e LZ(I)-
0

ion of the Galerkin or finite element solution of (1.2)
dinates, we could proceed by formulating and proving

ms. However, that would be merely consist of copying




xisting theorems, since the only difference would lie in the definition
f the LZ(I) inner product and of the appearing Hm(I) norms and partitior
orms. Hence, instead of proving them anew, we refer to the papers where

he proofs can be found for C = §.

HEOREM 1. Let f(x) and q(x) be such that the solution u of (1.2) is in

;(A) = vacapn ... nc@y; et v eMlg(A) be the solution of (2.5)

nd let E(x) = u(x) = U(x) be the error function. Then

_ k+1-2 - .
2.7) IIEIIZ = 0(]a] “u"A,k+l)’ L= 0,13

2k i

2.8) IE(xi)! = 0(|a] i=0,...,N-1;

A,k+l)’

here -1 and "f"A o are defined by

3

gL \
lol, = [} do oy gz,
j=¢ dx?  dx?

N m j ] .
d o d- o 3
2.9) ot =5 3 &e, L 1%,
A,m =1 j=0 dxd  dx? LZ(IQ)
X, c ,
(a,8) , _ x” a(x) B(x)dx, o, B e L(I.), & =1,.
= 2
L°(T,)
2
Xo-1

ROOF. See STRANG & FIX [6] for (2.7) and DOUGLAS & DUPONT [3] for (2.8)

. NUMERICAL QUADRATURE

To solve (2.5) numerically, the inner products (qU,9) and (f,®)
ave to be computed by some quadrature rule. As DOUGLAS et al. [3] and
[EMKER [4] pointed out, the choice of that quadrature rule is strongly
.etermined by the kind of finite element space in which u(x) is approxi-

lated. In this § we will device some algorithms for k = 1 and k = 2.




Preservation of accuracy

We recall that

X

J

(O‘,B)I, = f XC G(X)B(X)dx, a,B € LZ(IJ-), j = ]"°"N°
J

(a,8) (0,8); » o8 ¢ L(I).

]
o~z e

et

<a,8>; = A, Y

a(E. DJB(E. )
J g=r Js4 12

w.
352

me approximation of (G’B)I' which is exact if o B € PZk—l(Ij)’ with

J
ive w. and £. € I., and define <a,B> b
3s% g3,2 i’ B> by
N
<a,B> = ) <a,B>..
j=1 ]

= (), examples of such quadrature are k-point Gauss-Legendre and (k+1)-

Lobatto shifted to the interval Ij'

EM 2. Let f(x) and q(x) be such that the solution u of (1.2) Zs in
(A) and let U « M¢(A) be defined by

<U',@'> + <qU,p> = <f,p>, © ¢ Mg(A).

i(x) = U(x) - U(X) has the following bounds

k+1=2p 1

u A’Zk), 2 = 0,1;

"E"Z = 0(|A]

i - 2k .
[EG] = ocfal ™ol 50, 5 =




00F. See DOUGLAS et al. [3]. 0O

.2. Construction of some algorithms

As was remarked in the previous section, for C = @ k-po
sgendre and (k+1)-point Lobatto quadrature (see HEMKER [4])
iadrature rules to solve (3.3) numerically. We want to gener
1les for C > 0. We note however that, contrafy to the case C
lgorithms for finite element spaces of degree greaﬁer than 2

2asible.

.2.1. Gaussian quadrature

The basic problem is to find an approximation for (a,B)

>rm
k
3.4 <a,B>. = A. w. , o(E. B(E.
) B> = 4 QZI (LTI LICTIR
1ere Vi are positive weights and Ej , are interior points
9 3

This problem can be solved by applying the theory of Ga

iadrature (see DAVIS & RABINOWITZ [21). Let’{gbj i}E—O
, =

mmials orthonormal on Ij with respect to the weight function

be a s

3.5) Wy 50 p<i, & <k,

. = §. 3
] J’E)Lz(lj) i,e’

1ere 6i2 is the Kronecker symbol. Then Ej . is the %-th zero
3
d w. is given b
i,0 g y
k) -1 '
3.6) Wi T [i=o wi(gj,z)] , = 1,...,k.

r k = 1 and C arbitrary, the solution is




<C+2_ C+2
_crl ¥y TFye

O Mlrors Srors oy
X. -X.
] -1
C+l. C C+1
. el X
_ Cc+1 xj—]+XJ—lXJ+ XJ .
C+2 C C-1 c °

X. +X. X.+t,..+X,
-1 73-173 J

KOl e
w, | = od j-l - J-1 3713 j
. — b
Js (C+])(Xj xj—l) C+1
> 1 the weights and abscissae are more difficult to ¢ , henc

ly give two examples for k = 2.

C=1; k=2
. ) 6P3(Xj—l’xj)iAj/6P4(Xj—l’xj) L - 1
: - ’ - ’
FsR 1¢P2(xj_],xj)
A.R, (x._,,X.)
Wj ¢ = 1 (x l+xj) g 3237173 , L= 1,23
6/6P4(X._],Xj)
Pz(a,b) = a2 + 4ab + bz;
Rz(a,b) = a2 + 7ab + b2;
Pa(a,b) a4 + 1¢(a3b + ab3) + 28a2b2 + b4;
P3(a,b) a3 + 4(a2b + abz) + b3.
C=2; k=2
+A.Y . .
. i lﬁPs(xj_l,xj)_AJ 1¢P8(XJ_1,XJ)
is ]5P4(Xj—l’xj)
)
R.(x. X.)
1 5 5 3-1°73
wj,l =2 PZ(Xj—l’Xj) * 5% A s 23




lere

Pz(a,b) = a2 + ab + bz;

PS(a,b) = a + 4(a4b + ab4) + 1¢(a3b3 + azb

Rs(a,b) = a5 + 7(a4b + ab4) + 28(a3b2 + a2b
Pg(a,b) = a® + 19(a’b+ab’) + 55(a%% + a’p®
+ 164(a5b3 + a3b5) + 29¢a4b4 +

.2.2. Lobatto quadrature

The problem is to approximate (a,B)I by a formul

J
k

<osB> = 4y l§¢ Wig @85 B ES s
3. 11)

X, | = gj,o <E. < ... <E.

+ X.: w. >
] i, i,k A g

354
1ich is exact if o B € PZk—l(Ij)' This problem can be
I Gaussian quadrature either. Let'{q)j .}k_l

3

i"i=0
rmal on Ij with respect to the weight function (x - x

be a set o

X

J
3.12) J (x—xj_l)(xj-x)xC wj,i(x) wj’z(x)dx = Gi

Xj—l

1en, if k > 1, the abscissae Ej

5

90 005G are the z
51 j,k-1
1e weights are now easily found by applying (3.11) to
x) = wj Z(X), where wj 2(x) is a polynomial of degree
3 3

igrance interpolation polynomial) defined by

(¢, ) =238

(pj”Q’ J’m Q”m

: then appears that

X
] C
3.13) Aj w. = [ X mj,l(x)dx, 2 =0,...,k.




=1 a1

> 1, ¢

liffict

tbitrary, the solution of (3.11) is

C c-1 C
C+1)x. . +Cx. . x.+...+x.
(c+1) -1 " 3-173 ]

(C+1) (C+2) ;

xg +2x C- .. .+(C+1)X9
j-=1 3= ]

) (C+2)

I
-1%j
(C+1

the Gauss-Legendre case, the weights and a

find. Hence we list only two examples.

"
b

. .
j-1 ¥ Aj(z ¥ +Xi))

10(xj_1

3x2 +6x. .xX.+x
j- -1
1

1
b
2(2xj_]+3xj)

3
25 X.)
- (XJ 1755

12(2xj_1+3xJ)(3xJ_1+2xj)

x% +6x%. x.+3xg

j-1 j-1 g J .

12(3x. ,+2x. ’
(3%, #25)

A.(x. -1
2P (x ],x )

+x.)
J

P Gyexg)
6¢R2(Xj—l’xj)

3
: [Pzng_l,xj)] .
6¢R2(Xj—1’xj)R2(xj’Xj—l)

: P (x ,xJ ]) .
6¢R (XJ’XJ-I)




nere

Pz(a,b) = 3a2 + 4ab + 3b2;
Rz(a,b) = 2a2 + 2ab + b2;

P4(a,b) = 6a4 + 16a3b + ZIazb2

1e final remark about the use of Lobatto q
lready proved for C = 0, the basis functio
1at they form a system orthogonal with res

y this we mean the following: let the set

3.18)

Zokei = Sga1,ic X T OselenNly

1ere gj ; are determined by (3.13)-(3.17).

b

y

3.19) wi(zz) = 51 I  <i, & < kN-1.

>w it is easily checked that
<qU,® > = A; q(z;) U(z;);
3.20) <f 9> = Ai f(zi);

<(91 ®J> = >‘1 613;

)\i = <®i’@i>; g <i, i<

ance if we write

kN-1
U(x) = ;éo a, @; (x),
T .
: turns out that (aﬁ""’akN-l) is the so

ich

we




KN-1
) 1

1 1 -
J <(pis(pj> aj + Ai q(z

0
2 — .
for any o € L7(I) a(x) is def

a(x), x # Xj’ J

a(x) =
w. o (x.)+w.
) j.k _( J) j+l,
YLK,
a_(xj) = lim o(x); o

x+Xj

is an easily implementable al

computed. Note that the matrix
ITIAL BOUNDARY VALUE PROBLEMS

We consider the differential

du _ X'C _i.(xc EE) -
ot 9xX 90X q

boundary conditions
28 (g,e) = u(l,t) = @
ox ? ?
nitial conditions
u(x,0) = v(x).

sume that v € V and that q, f

Again, let A: 0 = Xy <X < ..
ior points of I where q, f and
;(A) be defined by (2.4) for s

the relation

ou ou Y
Gp® + G 52 + (qu

X¥X

m, onc

'>) i
mJ )

on

f(x),

are su
= 1 be
less

nstant

(f,9),

jo=1,...,N-1,

s j = 1,...,N-1,

Lobatto weights have

1)-diagonal.

ntly smooth.
d of I such that all

. are contained in A.

en one easily sees

k
g8




11

olds. As is well-known, an approximation for u(x,t) in M%(A) can be
ound by restricting (4.4) to M;(A) and by approximations v(x) in M;(A)
roperly.

'HEOREM 3. Let U: [f,=] - M;(A) be the solution of the initial value
roblem (in Galerkin form)
3

Ge U

oU

9@) + (ax’ ax

30 4 (qU,0) = (£,0), © € M‘(;(A); £ > ¢
4.5)

UG ,0) = (v,0), @ e M’gm);

nd let u € CE(A) be the solution of (4.1)-(4.3). Then, the error function
(x,t) = u(x,t) - U(x,t) has the following bounds

IEC, ), = o(lal¥t!
4.6)

2k .
lE(xj,t)| = 0(|A]"); j=0,...,N-1.

ROOF. See BAKKER [1]. [J

Now it is obvious that one should try to apply one of the quadrature
ules from §3 to (4.6). There is, however, one problem One needs the proper-
y that the "inner product" <a,B> induces a norm on M (A) equivalent to the

(I) norm. The Lobatto rule < > has this property (see BAKKER [1]), t
auss-Legendre rule < > not. So, at first, we introduce different notations
or the generalized Lobatto and Gauss-Legendre quadrature rules. The former

s denoted by < ,> , the latter by <,>

L’ G’

HEOREM 4. Let U : [f,»] » M;(A) be the solution of the differential

quation

3 9

3
at ’(p> §—£U3 3; @>L + <qU’(p>L = <f’@>L;

4.7)

- ) k
<U(,¢),w>L = <V,P> 5 0« M¢(A).




et U : [P,®) + cgk'](A) be the solution of (4.1)

Zon E(x,t) = u(x,t) - U(x,t) has the bounds.

"E(,t)“¢ = O(IAlk+1);

2k .
lE(xj,t)I = 0(|AlTT); j=0,....,N-1.

See BAKKER [1]. 0O

After this theorem, we evaluate the resulting (

represent U(x,t) by

kN-1
Ux,t) =}

a.(t) ¢.(x),
20 j
. kN-1 . .
the basis {tpj(x)}j=l is defined by (3.18)-(3.1
mbining (3.18)-(3,20) with (4.7) that the vector
fies the 0.D.E.

d _q k-
- - 1 1 - =
FT AN L ephepra; - dlza; 4
3=0
)
a;(P) = v(z), i=20,...,kN-1.

MERICAL EXAMPLES

In order to demonstrate the use of Galerkin met
1s, we solved two simple problems: a boundary va

al boundary value problem.

’roblem A

We consider the boundary value problem: find th
"(I) of

1 the error

+ easily verify,

ll""’akN—l)

n spherical

oblem and an

tion




5.1) -

he exact solution is given by

7 1 x2

—_— - - = 1

Te 8 wn(z) A , 0 <x <
u(x) =

1 2 1

f(l—x ) + §~£n(x) s 1 < x < 1.

ote that u"(x) does not exist for x = } but that u € C'(I) n Cw(ﬁ,
Cm(%,l). We divided I into 1§ and 2 segments of equal length. ]
oth cases x = } was one of the mesh-points. After that, we solved
y means of Galerkin's method for k = 1 and k = 2. In table I, we ]

aximum error at the gridpoints.

N\ K I 2
N
19 6.2810f3 2.54]0~7
20 2.22,,-3 1.62),_8
Table I; max [E(xi)[.
i=@,...,N-1

.2. Problem B

We consider the initial boundary value problem

ou _ 1 9 duy, 2
X (x 3;) xu+x(l=x), xelI, t=9
5.2) uw (B,t) = u(l,t) = ¢

u(x,9) = 9.




am (5.2) was semi-discretized unifofmly to
iton (4.11) for k = 2, ¢ =1 and N = 10. Fo
ad generalized 3-point Lobatto quadrature.

. was integrated by a fourth order Runge-K

of 10’3'

0.0 B.2 B.4
4.421910—2 4.360610—2 3.939910—2
4-678710T2 4.602310—2 4.139110—2

4.692210—2 4.614910—2 4.149510—2

4.692210—2 4.614910—2 4.149510—2

Table II; results of (5.

check, we solved the steady-state problem

5 expansion

Uw(x) = 2 a Xn;
i n=0
a, = A = 0.0469345729;
a1 = a2 = 0;
= - .l. M
83 9 )
&, = 16
a, = an£4 , n=>=5
n

ompared U _(x) with the steady-state values

imum error of ].21 -5.

0

al
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